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POLARIZATION OF THE ION ATMOSPHERE OF A CHARGED CYLINDER
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The dipole moment is calculated for an electric-field-induced polarization of a Debye—Hiickel ion atmosphere surrounding a
charged rod. If L is the length of a thin rod. Q is its linear charge density. Z is charge of the salt ion in solution, and « is the
Debye-Hiickel shielding parameter. then for x L=<<10. the calculated polarizability is proportional to Z2Q3L'*/x'>. Compari-
son with experimental data for DNA shows that the ion atmosphere dipole is of the correct magnitude and is consistent with
observed variations with Z, Q. L and x.

1. Introduction

In the absence of a permanent dipole moment, the axial polarizability of a uniformly charged, rod-like
polyion is responsible for its dielectric properties and orientation by electric fields. The sources of this
polarizability reside in the distortion of the neutral valence structure and in the field-induced anisotropy of
the surrounding counterions relative to the intrinsic polyion charge distribution. One such polyion under
investigation is DNA. Experimentally, it is observed that the induced dipole of DNA is inversely
dependent on the ionic strength of the solution [1-3]. Most theoretical treatments [3—6] have dealt with
the field-induced polarization of counterions that are closely associated with or bound to DNA. In order to
explain the observed dependence on ionic strength, it must be assumed that the number of bound
counterions is significantly dependent on the concentration of free counterions. In recent years, however,
the highly charged nature of DNA has prompted the development of the very successful counterion
condensation theory by Manning [7]. To briefly summarize, counterions are divided into two classes. There
is a layer of condensed or bound counterions on the DNA surface that neutralize most of the phosphate
charge. The effective charge density varies with the inverse of the counterion charge. Surrounding this layer
is a more diffuse ion atmosphere that can be treated in the familiar Debye—Hiickel approximation.
Importantly, it is expected on the basis of this work that the number of condensed counterions is only
shghtly dependent on the free counterion concentration. Working within the condensed counterion
framework, Manning [8] and Charney et al. [9] have developed expressions for the polarizability of the
condensed layer and found that the induced dipole should only weakly depend cn the ionic strength and in
the opposite direction to that found experimentally. The calculated polarizabilities, however, are of the
correct magnitude.

Another possible source of dipole energy is through a field-induced polarization of the ion atmosphere.
It is the purpose of this paper to calculate the polarizability of a Debye—Hiickel ion atmosphere
surrounding a charged rod. It will be shown that over the range of ionic strengths and rod lengths
commonly used, the predicted polarizability is approximately proportional to the inverse square root of the
ionic strength (proportional to the screening length, 1 /k) and to the square of the rod length. When there is
only one charge type of counterion, the treatment gives a result equivalent to “condensation theory”, the
the polarizability is not dependent on the effective DNA charge density.
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2. Theory

The particular model we shall consider is illustrated in fig. 1. An insulating, impenetrable rod of radius
a’ is oriented parallel with respect to an applied electric field of magnitude E’. The rod is uniformly
charged over a length 2L’ centered on the origin, to a constant linear charge density O. Surrounding this
central rod is a simple Z— Z electrolyte solution, characterized by a number concentration of cations or
anions, 1,, and a bulk dielectric constant €. In order to avoid troublesome boundary conditions at the
endplates, we shall consider the rod to be infinitely long, but only charged over a length 2L’. The effect of
this will be negligible if ka’<<1, where k is the Debye-Hiickel shielding parameter and is defined by

k2 =8nZ%>ngy /ekT. (1)

At the low ionic strengths commonly used for electric dichroism and birefringence measurements, ka’ is
sufficiently small for DNA such that neglecting the endplates is justifiable.

In calculating the dipole energy from polarization of the ion atmosphere, we shall only consider
electrostatic and diffusive forces, i.e. hydrodynamic interactions between moving charges will be neglected.
The cylindrical coordinate system of the rod is the one we shall use, with distances parallel to the rod being
x and distances normal to the rod being r.

We define the concentration distribution functions for cations and anions, n . (x,r) and n_(x,r), in
terms of the dimensionless functions, » (r,x) and »_(r,x), as

n_,_(x,r)=no[1+v+(x,r)], n_(x,r)=no[l+v_(x,r)]. )

Additionally, if we let ¥(7, x) be the electrostatic potential due to the distribution of charges in solution and
let — E’x be the applied electric potential, then at steady-state flow we have [10,11]

—(Ze/kT)v - [(1+», )V (' —E'x)|—v2r, =0. 3)

(Ze/kT)yv [ +v_)v (¥ —E'x)]— v 2v_=0. @
The potential ¢’ is related to v, and »_ by the Poisson equation

viy'=—(4nZeny fe) (v, —v_). (5)

It should be mentioned again that egs. (3) and (4) neglect all hydrodynamic interactions between charges.
For large r, it is assumed that the influence of the central rod vanishes, or that

lim (v.,»v_.,and ¢’)=0. (6)
r—oe
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Fig. 1. A schematic representation of the model we consider in calculating the polarizability of a Debye—~Hiickel ion atmosphere
surrounding, a charged rod. The dimensions of the rod and solution composition are explained in the text. The arrows show the
directions of the electrostatic forces from the applied field, E, and a negative charged rod on a positive test charge in the solution.
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At the surface of the rod (r=a’), the boundary condition for the potential i1s the standard gaussian
relationship

oY’ /or], = —2ZQ/ea’, for |x]<L', ™
=0, for |x|>L".

Since the rod is assumed impenetrable, the radial velocities for cations and anions must vanish at the
surface, or

v, Jorl,.+(Ze/kT)H[1+v,(a’,x)]8¢" /0r].. =0, allx, (8)
w_ orl,—(Ze/kT)[1+v_(a’,x)]0¢’ /0r|,.=0, all x. 9)
These are then the equations and associated boundary conditions that must be solved in order to determine

the ion atmosphere polarization. In terms of the above functions, the dipole moment. m2, due to the ion
atmosphere is given by

m=2772en0f+wx dxf?crdr[xg(x,r)—v_(x,r)], (10)

where v, —»_ represents a reduced charge density in a smali volume of the ion atmosphere.
At this point it is convenient to recast the equations in terms of the functions,

f(x,r)=v . (x,7r)—v_(x,7), g(x,r)=v (x,r)+v_(x,r),

Ex=ZeE'(xx)/xkkT, 4=(Ze/kT)¥ . (11)
Additionally, we can transform x and r to the dimensionless distances y and p by

Y=kKx, pP=KkKr, (12)
where k is defined in eq. (1). In terms of these new parameters, egs. (3)-(5) now take the form

Vif—f=Edg/dy+igf—vg- VY, (13)

Vig=E3f/dy+if*—v v, (19)

viy=—1f, (15)

where the gradient ¥ is in terms of the reduced parameters y and p, and the laplacian, ¥ 2, in cylindrical
coordinates has the form

v2=282/3p> +p~ ' 3/3p+3%/3y>. (16)
The boundary conditions, egs. (6)-(9) become

Jlim (f,g,and$)=0,  ally, (17)
3f/9pl, =[2+g(a,y)](2ZeQ/aekT), for|y|<L,

=o, for [y > L., (18)
9g/0p|, =2ZeOf(a,y)/ackT, for|y|<L,

=0, for |y|>L, (19)
oY /0pl, = —2ZeQ/aekT, forlp|=<L,

=0, for y|>L, (20)

where a=«ka” and L=xL’.
There are two approximations that can be applied at this point to simplify the eguations. The most



a D.C. Rau, E. Charnev / Polarization of the ion armosphere of a charged cylinder

important is the familiar Debye-Hiickel one. If we consider f, g, and ¥ to be small, then we will retain only
the lowest, nonzero order of magnitude terms in ZeQ /AT of egs. (13)-(15). The second approximation is
that this work is only concerned with Kerr region behavior, i.e. only those terms that result in a dipole
energy strictly proportional to E? will be retained. Under these approximations, we can subdivide f, g, and
i into those components that are symmetric about the cylinder axis and unperturbed by the field, ¢, f.,
and g__, and those distortions that are an odd function of y and whose magnitude is proportional to E, f_
and g_. In terms of these functions and the parameter ZeQ/kT, the lowest, nonzero order of magnitude
terms for f.., ¢, and g_ are proportional to ZeQ/kT, while for g, and f_ there are no linear terms, and
only terms in the differential equations and boundary conditions proportional to ( ZeQ/kT)* survive as the
lowest, nonzero order of magnitude ones.

v?.—f.=0, lim f, =0,
p=c0
3f, /9p|, =4ZeQ/ackT, [|<L,

=0, ‘y]>]_,, (21)
V. =H2=V /., lm g =0,
9g. /9, =2f.(a,y)ZeQ/ackT, y|<L,
=0, =L, (22)

vy, =—1if., Ehm ¢, =0,
P
3, /Opl, = —2ZeQ/aekT, |<L,
:0, lyl>L’ (23)
V’lgw:Eaf,,,/ay, m g. =0,
pot

dg_/9p|, =0, ally, (29)
Vif—f-=Edg./dy+ig fr—Vg_-Vvy, , Lm f_=0,
P
3f_/3p=1g_(a,y)df. /3p|,- (25)

Egs. (21)-(23) are standard Debye-Hiickel expressions for the ion atmosphere of a finite charged rod, in
the absence of a field. If we expand the function f, as a cosine Fourier series on the y interval [— C,+C},
where C is taken arbitrarily large enough such that £, (p,C)=0, the solution of eq. (21) is

r ALKO(p) - A4 Sin(BnL)KO(Rnp)
J+Zack,(a) T 2 CB,N,aK (N, a) cos(B,7) (26)

n=1}

where A= —8ZeQ /<kT, B,=nw/C, and X, =82 +1. K (x) and K (x) are modified Bessel functions of
the second kind of orders 0 and 1.

It can be readily verified by substitution, that the solutions of egs. (22) and (23) are given by
g+(pP.¥)=%4fi(p.¥), @7)
Yi(p.y)=—1f(p.y). (28)

That these are the standard Debye-Hiickel solutions can be seen by expanding Boltzmann exponentials,
n,o=nge V=no{l—v+1i¢?), n_=nyev=no(1+¢+1P2).

In terms of this and egs. (2) and (11)
fo=(ny—n_)/ng=—2¢, g+=(ny+n_—2n,)/ng=y?,
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which are equivalent to eqs. (27) and (28).
Eq. (10) for the dipole moment, m, of the system is transformed in the p and y coordinate sysiem to

2wZEn +oe = L
=272 [, 4 [ dof(p.3). @2

In order to calculate this expression, it is not necessary to solve explicitly eq. (25) for f_. In order to
simplify the resulting expression, however, we take f_ to be of the form

K

(e, y)=3f(p.¥)g_(p.¥)+f_(p.¥), (30)
where f’ (p, y) satisfies

VL —fL=3Ef.8f./y+1f.5_, (31)
with lim,_ f_ =0, and

3f. /dpl.=%g-(a.y) of . (a,y)/0p
where egs. (21), (24), (25), (27) and (28) have been used.
Rearranging eq. (31), we have for f’ .
TP y)=V fL —LEf, 3f, /3y—3f. 8. (32)
Substituting this into eq. (29), integrating v * by parts, with 3f~ /3y —0, as |¥] — o0, yields

wZen + x
——=2f “ydy[ pdef.(g-+Edf. 8y)~

wZenga f+
m= _—
2x?

e ) “ydyg_(a.¥) 87_(a,y) /3.
(33)

It only remains, therefore, to solve 2q. (24) for g_(p,y) in order 1o calculate the dipole moment. If we
expand g_ as a sine Fourier series over the arbitrarily large y interval { — C,+ C}, we obtain

- e AE . KO(Anp) KO(Bnp) - R
g-(p.y)=— E] o sin(B,L) ( A aK.(A.a)  B.aK.(B.a) ) sin(8, ). (34)
where 8,, A,,, and 4 are defined in eq. (26). Using this expression in eq. (33) and integrating, we find
m=(4€Z2E’ /x*)(e?Q/ekT )’ F(a,L), (35)
where
_ 2 < nL Sin(BnL) KO(Ana) KO(ﬁna)
fal)=¢ 2 {(“ 02, [( Kook (o)~ Rk (e )
+_%_ Ko(a)  Ko(A,a) 1 Ko(B,a)  Kola)
B”Z aK!(a) A”QK}(AHG) 1_"5,,2 ﬁnaKl(Bna) GKI(G)

sin’ (B, L) Ko(B.a) 1] 1 aKo(A.a) \?
MYy {2(A”a(}(,()\na))+§[)\_2,r—<}\”aK,(}\,,a))}}

S wrmB.sin(B,L) sin(BL) [ Ko(A,a)  Ko(B.a)
+g,'2§1( D 2B8.(BZ—B2) {(AnaKl(}\na) BnaKl(Bna))

L2 ( Ko(A,a) Ko(A,a) ) 1 )( Ko(B.a) Ko(A,.a) )”

an _B,i Ar):aKl(Arna) B Anal<l(xna) B 1+(B,;2 “,B”ZI BnaKl(Bna) - AmaK"'l(Ama)
(36)
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The inner double sum can be written in abbreviated form as

Fa.L)=3 3 (=) B, B.)-

2=0 m=0
me=an

Taking advantage of the alternating signs, this can be expressed as

x = F By » S Y —F 72 9 F 0y} 425
F(a,L)= 2 2 [ (B" B -‘~) (B B : -')] (Bn+2-*-2xMBn+l+21)

n=1i=1 Brizvai —Buinsa
S F(B fz-i-.,'ne )_F(AB z,w)gm)
+ 2 2 i 37: m —B b 3 (5,",&3,{.2,—“8’”‘14_2'),
m=1i=1 X 25 - 120
Written in this manner, the inner sum can be expressed as the integral of a derivative or as
1 3 > 9F(B..») 1 & > 3F(y.B,)
— — _— 7 = b — .
F(G,L) 2 g j ay dy 2 g f ay dy
n=1 Bay m=1" By

Integrating and retaining only those terms that will sum to a nonzero value for the dipole moment as
C— oo results in

F(a,L):% § {sin(ﬁ,,L)sin(B,,+1L)[__( 2 (B,,-E-B,,H)(l—!—ﬁ”,p,)))‘ Ko(A,uqa)

=1 BiB.B, .+ B, +8,.\ - 1+8,(B,+1+8B,) as1aK (X4 qa)
+ ( 2 + (Bn+Bn+l)(l—~Ban) ) Ko(hna)
Bn +Brz+! l—_ﬁl(ﬁnﬁ"f—{.ﬁﬁ) A”QKI(}\,,&)

I”Bl(ﬁn'l"!eﬁ-x) Bn+laKl(Bn+la) B 1+8,(8,+8,+1) BnaKl(Bna) G7)

1t is this equation that we use to calculate polarizabilities. For large values of C (e.g. =100 for L=1),
F(a,L) is independent of C. The terms of the sum begin to vanish rapidly once 8,L>5. For DNA, the
factor countaining the charge density, O, takes on special significance. In the symbolism of Manning [7], this
is just the effective reduced charge density of DNA, £, as determined by counterion condensation. It is
related to the charge of the counterion, Z, in the condensed layer by,

_ Baﬂn+l(ﬁn+ﬁn+x) Ko(B,..,a) BB.AB,+B,+1) Ko(ﬁ,,,a) }}

gnct_—"l/z- (38)
Since the polarizability along the rod, «, is defined by m/E’, we can write
a,=eF(a,L)/x>. (39)

It is perhaps reasonable at this point to attempt to interpret qualitatively the equations. A good
discussion has already been given by Stigter [12] in connection with the electrophoretic velocity of charged
rods oriented parallel to an electric field. Egs. (24) and (25) will result in nonzero solutions for f_. and g_
only if 3f, /9y70. In other words, an excess or deficit of ion atmosphere charge will accumulate at those
points where there already exists a charge concentration gradient in the direction of the field. The
formation of a steady-state ion atmosphere flow rests basically on the establishment of a charge density
equilibrinm between the undirectional force due to the applied field and the electric force due to the charge
on the central rod. The latter force, proportional to — 8y /3x, or, in the Debye—Hiickel approximation, to
1 3f, /9x, is an odd function about the origin, always in the direction of the rod (see fig. 1). For a finite,
charged rod, 9f, /9x is a maximum at the ends, decreasing rapidly due to ion atmosphere shielding and
cancellations of x-direction forces from different parts of the rod, uniil it vanishes at the origin. For
practical purposes, 9f, /3x is significant for only a few Debye lengths {(3-4)/x] from the ends. Ion
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atmosphere polarization is, therefore, primarily an end effect, and as such should increase at a significantly
slower rate than the L? dependence predicted by the condensed counterion polarization model for DNA
[8,9]. For DNA rods that are much longer than the Debye length, it is not difficult to predict a linear length
dependence for the polarizability.

3. Results and discussion

In the limiting case of a very thin rod, i.e. a<1, we can use the approximations that for x<1,
Ky(x)=~—In x and x K,(x)=1. In this limit, the function F(a.L) {eq. (36)] is independent of a. A plot of
In F(L) as a function of In L is shown in fig. 2. As can be observed, for L=<6, F(L) is approximately
proportional to L%5. Recalling the definition of L from eq. (36) and substituting into eq. (39). we find that

L (40)

where L’ is the half length of the rod. This can be compared with the experimental results of Hogan et al.
[2], who find an L?/k dependence for the polarizability. It should be mentioned, however, that whereas
they observed linear dependence of the orientation on field strength, our treatment of the ion atmosphere
polarization results in a classical E2 dependence, at low enough field strengths. Our own experiments [1,13]
indicate that the orientation is consistent with an E2 dependence at low fields. Our experiments also
indicate that the polarizability is an inverse function of x. For L>6, the ends of the rod become
increasingly isolated, electrostatically, and the power dependence of F(L) on L slowly approaches 1, as
expected. In this limit, the polarizability, as a function of L’ and x is

a, =const.(L’

a, =const. L' /x*. (41)

Of experimental significance in assessing the contribution of ion atmosphere polarization is the dependence
of a in eq. (39) on counterion charge, in particular, with the effective charge density of the rod, Q. That the
dipole moment is proportional to Q2 is not surprising in that one power of O comes from the linear
dependence of the electrostatic force due to the rod, —9¢/9x, on Q, while another power of Q is a result of
the linear dependence of the total charge in the ion atmosphere with charge density. For a highly charged
polyelectrolyte as DNA, the effective charge density can be manipulated by varying the charge of the

FiL)

01

—1 1 1
05 1.0 zLo 5.0 700
Fig. 2. The solid line shows the dependence of the function F(L) on L. The dashed line shows the best fitting straight line to the curve

for L=<6. The slope of this line is used in determining the power dependence of the polarizability with rod length L’ and ionic
strength.
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counterion. As shown by eq. (39), however, the effects of counterion charge on effective charge density and
the interaction with the electric field cancel. This is the experimental result reported by Hogan et al. [2] and
Charney et al. [9]. The same prediction is made, however, for the polarization of the condensed counterions
[8.91 and so is not a good test of the importance of the ion atmosphere contribution. One possible test is the
change in polarizability in mixed Na*-Mg2* systems. Eqgs. (53) and (54) of ref. [7] give a method of
calculating effective charge densities in mixed counterion systems. If we take as an example a Na*
concentration of 250 pM, then the charge density will increase =~40% (from 0.76 to 0.83 charge
neutralization) with a free Mg?* concentration of less than 20 pM. It is then possible to significantly alter
the charge density of DNA without equally distorting the charge composition of the ion atmosphere.

A quantitative comparison of theory and experiment is the subject of another paper [13]. A specific
example, however, will serve as an indication of ion atmosphere importance. If we take a DNA length of
800 A (=2L"), a Debye length of 200 A (1 /x), and use the effective DNA charge density for Na* from
counterion condensation theory [7], a polarizability of a; =6.4X10 "' cr?® can be calculated from egs. (37)
and (39). This can be compared with our experimentally observed value of ~8X 10 ™' cm®. For these same
conditions, we can calculate a predicted polarizability for the condensed counterions {(egs. (27) of ref. [8]) of
a; ==3.7X 10" '® cm’. Our experimental evidence indicates that both polarizations are contributing to the
orientation at this ionic strength and DNA length.

Although the equations in this paper have been derived specifically for a rigid rod of uniform charge
density, it should not prove difficult to extend the treatment to other structures, in the Debye-Hiickel limit.
The functions f, g ., ¢, , and g_ can be determined through the appropriate summation of the equivalent
functions for small spheres. In this way, more complicated structures can be constructed in much the same
fashion as has been done for hydrodynamic calculations [15]. As was done here, the dipole moment can be
calculated directly from these functions if an appropriate analogue for the boundary conditions for
9f._(a,y)/dp is constructed.

It is possible, however, to investigate qualitatively the expected differences between a random coil and a
rigid rod. If we consider the random coil t0 be equivalent to an elastic, porous, charged sphere, an
important difference with the rigid rod model is that the coil charge density in the direction of the field is
gaussian rather than constant. In contrast to rigid rod behavior, therefore, ion atmosphere polarization is
not expected to be an end effect for random coils, but rather will extend throughout the polymer domain.
Furthermore, as the viscoelastic coil stretches in the field, the average charge density in the direction of the
field will decrease. This could well be the origin of the hypopolarizability inferred by Rau and Bloomfield
[14] from the relative relaxation times for the rise and decay processes. Initial calculations indicate that this
effect would be of the correct magnitude to account for their results (work in progress).

Although it is not unreasonable at low field strengths to consider the ion atmosphere separately from the
condensed counterions, the same will not hold true at high fields. In light of the recent discussions
concerning the relationship between counterion condensation and a full Poisson—Boltzmann treatment of
the ion atmosphere [16-18], it wounld seem reasonable to expect that a steady-state flow treatment with full
Poisson—Boltzmann equations, i.e. not with the Debye—Hiickel approximation, would be instructive in
considering the saturation problems of the dipole moment of DNA at high fields.

4. Conclusions

We have developed an expression for the induced dipole energy resulting from the polarization of the
ion atmosphere surrounding a charged rod, with a particular emphasis on explaining the polarizability of
DNA. The results have been shown to be in qualitative agreement with experimental results. In a paper
that is in preparation we shall demonstrate experimentally that at least a component of the polarizability of
rod-like DNA fragments is in quantitative agreement with the equations presented here.
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