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The dipole moment is calculated for an electric-field-induced polarization of a Dcbyc-Hiickcl ion armosphcrc surrounding a 
charged rod. If L is the length of a thin rod. Q is its linear charge density. Z is charge of the salt ion in solution. and K is rhe 
Debye-Hiickel shielding parameter. then for KLS 10. the calculated polarizability is proportional to Z’Q’Z_-~,/IC’~‘. Compari- 
son with experimental data for DNA shows that the ion atmosphere dipole is of the correct magnitude and is consistent with 
observed variations with Z. Q_ L and K. 

1. Introduction 

In the absence of a permanent dipole moment, the axial polarizability of a uniformly charged, rod-like 
polyion is responsible for its dielectric properties and orientation by electric fields. The sources of this 
polarizability reside in the distortion of the neutral valence structure and in the field-induced anisotropy of 
the surrounding counterions relative to the intrinsic polyion charge distribution_ One such polyion under 
investigation is DNA. Experimentally, it is observed that the induced dipole of DNA is inversely 
dependent on the ionic strength of the solution [l-3]_ Most theoretical treatments [3-61 have dealt with 
the field-induced polarization of counterions that are closely associated with or bound to DNA_ In order to 
explain the observed dependence on ionic strength, it must be assumed that the number of bound 
counterions is significantly dependent on the concentration of free counterions. In recent years, however. 
the highly charged nature of DNA has prompted the development of the very successful counterion 
condensation theory by Manning 171. To briefly summarize, counterions are divided into two classes. There 
is a layer of condensed or bound counterions on the DNA surface that neutralize most of the phosphate 
charge. The effective charge density varies with the inverse of the counterion charge_ Surrounding this layer 
is a more diffuse ion atmosphere that can be treated in the familiar Debye-Htickel approximation 
Importantly, it is expected on the basis of this work that the number of condensed counterions is only 
slightly dependent on the free counterion concentration_ Working within the condensed counterion 
framework, Manning [S] and Chamey et al. [9] have developed expressions for the polarizability of the 
condensed layer and found that the induced dipole should only weakly depend on the ionic strength and in 
the opposite direction to that found experimentally_ The calculated polarizabilities, however, are of the 
correct magnitude. 

Another possible source of dipole energy is through a field-induced polarization of the ion atmosphere. 
It is the purpose of this paper to calculate the polarizability of a Debye-Hiickel ion atmosphere 
surrounding a charged rod. It will be shown that over the range of ionic strengths and rod lengths 
commonly used, the predicted polarizability is approximately proportional to the inverse square root of the 
ionic strength (proportional to the screening length, l/~) and to the square of the rod length. When there is 
only one charge type of counter-ion, the treatment gives a result equivalent to “condensation theory”, the 
the polarizabihty is not dependent on the effective DNA charge density. 



The particular model we shall consider is illustrated in fig. 1. An insulating, impenetrable rod of radius 
u’ is oriented parallel with respect to an applied electric field of magnitude E’. The rod is uniformly 
charged over a length 2L’ centered on the origin, to a constant linear charge density Q. Surrounding this 
central rod is a simple Z-2 electrolyte solution, characterized by a number concentration of cations or 
anions, no, and a bulk dielectric constant z. In order to avoid troublesome boundary conditions at the 
endplates, we shall consider the rod to be infinitely long, but only charged over a length 2L’. The effect of 
this will be negligible if KP’< 1, where K is the Debye-Htickel shielding parameter and is defined by 

K’ = 8rZ’e’no/rkT_ (1) 

At the low ionic strengths commonly used for electric dichroism and birefringence measurements, KU’ is 
sufficiently small for DNA such that neglecting the endplates is justifiable. 

In calculating the dipole energy from polarization of the ion atmosphere, we shall only consider 
electrostatic and diffusive forces, i.e. hydrodynamic interactions between moving charges will be neglected. 
The cylindrical coordinate system of the rod is the one we shall use, with distances parallel to the rod being 
s and distances normal to the rod being r. 

We define the concentration distribution functions for cations and anions, n +(x,r) and n_(x,r), in 
terms of the dimensionless functions, ~+(r,x) and Y_(T,x), as 

~z,(X,T)=nO[l+v+(x.r)]. n_(x,r)=n,[l+v_(x.r)]. (2) 

Additionally, if we let +( R-,X) be the electrostatic potential due to the distribution of charges in solution and 
let -E’x be the applied electric potential, then at steady-state flow we have [10,11] 

-(Ze/kT)v-[(l+v+)v(+‘-Px)]-v%+=O. 

(Ze/kT)v-[(l+v_)v(+,‘--E’x)]-v*Zv_=O_ (4) 

The potential +’ is related to Y+ and Y_ by the Poisson equation 

V’JI’=-(4aZen~/r)(v,--v_). (9 

It should be mentioned again that eqs. (3) and (4) neglect all hydrodynamic interactions between charges. 
For large r, it is assumed that the influence of the central rod vanishes, or that 

lim (VI, Y_ , and $3 =O. (6) r--CC 

Z+.n+ 

[ 1 z-. n- 
fSE eE 
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Fig. 1. A schematic representation of the model we consider in calculating the polarizability of a Debye-Hiickel ion atmosphere 
surrounding a charged rod. The dimensions of the rod and solution composition are explained in the text The arrows show the 
directions of the electrostatic forces from the applied field. E. and a negative charged rod on a positive test charge in the solution. 



At the surface of the rod (r=a’), the boundary condition for the potential is the standard gaussian 
relationship 

&j’/&j,. = - ZZQ/ra’, for 1x1 e L’, 

=o, for 1x1 >L’. (7) 

Since the rod is assumed impenetrable, the radial velocities for cations and anions must vanish at the 
surface, or 

a~+/arl~, + (Ze/kT)[l +v+(a’.x)]&J’/Clrl,. =O, all x. (8) 

av_/arj,.-(Ze/kT)[l+v_(~~,x)]a~~/arl~.=O, all x. (9) 

These are then the equations and associated boundary conditions that must be solved in order to determine 
the ion atmosphere polarization. In terms of the above functions, the dipole moment. nz, due to the ion 
atmosphere is given by 

m=2mZen, 
/ 

+==x dx/YrrdT[YI(x,T)-Y_(x,T)], (10) 
--z 

where Y, - Y_ represents a reduced charge density in a small volume of the ion atmosphere. 
At this point it is convenient to recast the equations in terms of the functions, 

f(x,r)=v,(x,r)-v-(x,r), g(x,T)=Y,(x,T)+Y-(x,r), 

Ex= ZeE’( tcx)/rckT, a/t= (Ze/kT)+‘. (11) 

Additionally, we can transform x and r to the dimensionless distances Y and p by 

Y=KX, P=KT, (12) 

where K is defined in eq. (1). In terms of these new parameters, eqs. (3)-(5) now take the form 

v2f-f=Eag/ay+~~-vgg-v1L, (13) 

vzg=Eaf/ay++f'--vpf.q, (14) 

v’+= -+f. (15) 
where the gradient v is in terms of the reduced parametersy and p, and the laplacian, v ', in cylindrical 
coordinates has the form 

vz=a2/ap2 +p-l a/ap+a2/ay2. (16) 
The boundary conditions, eqs. (6)-(g) become 

hm ( f, g, and +) = 0, ally, (17) 
P--“; 

af/W, =[2+g(a,y)](2ZeO/urkT), forlyl~L, 
=o, for Lyl>L. (18) 

ag/apl, =2ZeQf(a,y)/uckT, for LyleL, 

=o, for jyl>L, (19) 

a#/a& = -2ZeQ/a~kT, for LvlGL, 

=o, for bl>L, (20) 

where a=Ka’ and L=KLI. 

There are two approximations that can be applied at this point to simplify the equations. The most 



important is the familiar Debye-Hiickel one. If we consider f,g, and \21 to be small, then we will retain only 
the lowest, nonzero order of magnitude terms in ZeQ/kT of eqs. (f3)-(15). The second approximation is 
that this work is only concerned with Kerr region behavior, i.e. only those terms that result in a dipole 
energy strictly proportional to E” will be retained. Under these approximations, we can subdividef, g, and 
+ into those components that are symmetric about the cylinder axis and unperturbed by the field, +, , f+ , 
and g,, and those distortions that are an odd function of y and whose magnitude is proportional to E, f- 
and g_ _ In terms of these functions and the parameter ZeQ/kT, the lowest, nonzero order of magnitude 
terms for f,. , +, and g_ are proportional to ZeQ/kT, while for g, and f_ there are no linear terms, and 
only terms in the differential equations and boundary conditions proportional to (Z&/kT)” survive as the 
lowest, nonzero order of magnitude ones. 

v *f-a. -f+ =% lim f, =O, . 
p=sO 
af+/apj, =4ZeQ/aEkIT= /.~f==r;, 

=o, LYI’LT (21) 

V’g,=~f,2--Vf+~V$f+. lim g, =O, 

&Z&I, =2fT(a,y)Z@/afkT, LvFL, 
=o, Lrl”J+t (221 

v’&+=--*f=, lim ++ =O, 
P--SC 
a++/i+pi, = --2ZeQ/arkT, ~l=%L, 

=o, bl>L 03) 

V’S_= E af+ PY7 lim g- =O, 
P--X 
ag_/apl, =O, ally, (24) 

v’f_-f_=Eag,/aYS-~g_f~-vg_~~~,, lim f_ =O, 
p-5 

3f-/%= fg-(~~Y)~f*/~Pl,. (25) 

Eqs. (211-123) are standard Debye-Htickel expressions for the ion atmosphere of a finite charged rod, in 
the absence of a field. If we expand the function f, as a cosine Fourier series on they interval [ - C, + Cl, 
where C is taken arbitrarily large enough such that f+(p,C)=dJ, the solution of eq. (21) is 

(24) 

where A = - 8ZeQ/ckT, & =nsr/C, and A: =j?z + 1. KO( ) x and K,(x) are modified Bessel functions of 
the second kind of orders 0 and 1, 

It can be readily verified by substitution, that the solutions of eqs. (22) and (23) are given by 

g+(P,Y) =af;-2(P,Y)t (27) 

++LY)== -ff+hY)* (28) 

That these are the standard Debye-Hiickel solutions can be seen by expanding Boltzmann exponent&h, 

n+ =no e-+-n, (1-#+&2), n_=n,e*=n,(l-+-~++JIZ). 

In terms of this and eqs. (2) and (1 I) 

_L=(n, -n_)/n,=--2+, g+=(n,tn_-2no)/n0=~*, 
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Eq. (10) for the dipole moment, m, of the system is transformed in the p and Y coordinate system to 

m= 
2rZEno += 

j K4 --P 
Y~Y j=p +f_(~,_v)- 

a 
(29) 

In order to calculate this expression, it is not necessary to solve explicitly eq. (25) for j_ _ In order to 
simplify the resulting expression, however, we takef_ to be of the form 

I-(p,Y)=al,<p,Y)g-(p,y)+~~(p,Y), (30) 

where fl-( p, Y) satisfies 

v ‘f: -f: = aEf+af_+/ay+ tf+g_ , (31) 

with lim,_,f’_ =O, and 

a~:/api,=$g_(a,Y) al,(a,_v)/ap 

where eqs. (21), (24), (25), (27) and (28) have been used. 
Rearranging eq. (31), we have for fL . 

f:(p,>T)=v’fL-$Ef+ ar,/ay-ff+g_. 
Substituting this into eq. (29), integrating v ’ by parts, with afL/ay-0, as Iv] - cc, yields 

(32) 

zZen, 7rZen a 
m=--/trydy/lpd~f~(g_+Eaf,/ay)-_~iXI’dyg-(a,_V) af-(a,y)/h- 

2x4 -30 ‘3 - 53 

It only remains, therefore, to solve eq. (24) for g_(p,_Y) in order to calculate the dipole moment. If we 
expand g_ as a sine Fourier series over the arbitrarily large Y interval { - C, + C}, we obtain 

(341 

where &, A,, and A are defined in eq. (26). Using this expression in eq. (33) and integrating, we find 

where 

(36) 



The inner double sum can be written in abbreviated form as 

F(a.L)= 2 2 (-l)“~“‘F(&,.&,)_ 

Taking advantage of the alternating signs, this can be expressed as 

Written in this manner, the inner sum can be expressed as the integral of a derivative or as 

Integrating and retaining only those terms that will sum to a nonzero value for the dipole moment as 
C- co results in 

(371 

It is this equation that we use to calculate polarizabilities. For large values of C (e.g. = 100 for L= l), 
F( a,L) is independent of C. The terms of the sum begin to vanish rapidly dnce &,L>5. For DNA, the 
factor containing the charge density, Q, takes on special significance_ In the symbolism of Manning 171, this 
is just the effective reduced charge density of DNA, c,,,, as determined by counterion condensation. It is 
related to the charge of the counterion, 2, in the condensed layer by, 

E net = 1 /z- 

Since the polarizability along the rod, (Y,,, is defined by m/E’, we can write 

(38) 

Lli, =EF( U,L)/K3. (39) 

It is perhaps reasonable at this point to attempt to interpret qualitatively the equations. A good 
discussion has already been given by Stigter fI2] in connection with *he electrophoretic velocity of charged 
rods oriented parallel to an electric field. Eqs. (24) and (25) will result in nonzero solutions for f__.and g- 
only if ilf+/ay+O_ In other words, an excess or deficit of ion atmosphere charge will accumulate at those 
points where there already exists a charge concentration gradient in the direction of the field. The 
formation of a steady-state ion atmosphere flow rests basically on the establishment of a charge density 
equilibrium between the undirectional force due to the applied field and the electric force due to the charge 
on the central rod. The latter force, proportional to -8+,/a x, or, in the Debye-Hiicke3 approximation. to 
f af.,.,.Gx, is an odd function about the origin, always in the direction of the rod (see fig. 1). For a fiite, 
charged rod, af+/ax is a maximum at the ends, decreasing rapidly due to ion atmosphere shielding and 
cancellaticns of x-direction forces from different parts of the rod, until it vanishes at the origin. For 
practical purposes, af+/ax is significant for only a few Debye lengths [(3-4)/~) from the ends. Ion 
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atmosphere polarization is, therefore, primarily an end effect, and as such should increase at a significantly 
slower rate than the L3 dependence predicted by the condensed counterion polarization model for DNA 
[8,9]. For DNA rods that are much longer than the Debye length, it is not difficult to predict a linear length 
dependence for the polarizability. 

3. Restdts and discussion 

In the limiting case of a very thin rod, i.e. aa 1. we can use the approximations that for se 1. 
K,(x)= - In x and x K,(x)- 1. In this limit, the function F(a,L) [eq. (36)] is independent of a. A plot of 
In F(L) as a function of In L is shown in fig. 2. As can be observed, for L=z 6, F(L) is approximately 
proportional to L’-“_ Recalling the definition of L from eq. (36) and substituting into eq. (39). we find that 

a,, =const.( LI)‘s5/tc1~‘5, (40) 

where L’ is the half length of the rod. This can be compared with the experimental results of Hogan et al. 
[2], who find an L’/K dependence for the polarizability. It should be mentioned, however, that whereas 
they observed linear dependence of the orientation on field strength, our treatment of the ion atmosphere 
polarization results in a classical E” dependence, at low enough field strengths. Our own experiments [ 1,131 
indicate that the orientation is consistent with an E’ dependence at low fields. Our experiments also 
indicate that the polarizability is an inverse function of K. For L>6, the ends of the rod become 
increasingly isolated, electrostatically, and the power dependence of F(L) on L slowly approaches 1, as 
expected. In this limit, the polarizability, as a function of L’ and K is 

a,, =const. L’/K*. (41) 

Of experimental significance in assessing the contribution of ion atmosphere polarization is the dependence 
of a in eq. (39) on counterion charge, in particular, with the effective charge density of the rod, Q_ That the 
dipole moment is proportional to (2’ is not surprising in that one power of Q comes from the linear 
dependence of the electrostatic force due to the rod, - Ci+/ax, on Q, while another power of Q is a result of 
the linear dependence of the total charge in the ion atmosphere with charge density. For a highly charged 
polyelectrolyte as DNA, the effective charge density can be manipulated by varying the charge of the 

.01 
I 1 I 1 1 

0.5 1.0 20 5.0 10.0 
L 

Fig. 2. The solid line shows the dependence of the function F(L) on L. The dashed line shows the best fitting straight line to the curve 
for L=Z6. The slope of this line is used in determining the power dependence of the polarizability with rod length L’ and ionic 
strength. 



counterion. As shown by eq_ (39) however, the effects of counterion charge on effective charge density and 
the interaction with the electric field cancel- This is the experimental result reported by Hogan et al. 123 and 
Chamey et al. 191. The same prediction is made, however, for the polarization of the condensed counterions 
[f&9] and so is not a good test of the importance of the ion atmosphere contribution. One possible test is the 
change in polar&ability in mixed Na+--Mgz” systems. Eqs. (53) and (54) of ref. 171 give a method of 
calculating effective charge densities in mixed counterion systems. If we take as an example a Na’ 
concentration of 250 FM, then the charge density will increase 
neutralization) with a free Mgzt 

=40% (From O-76 to 0.83 charge 
concentration of less than 20 FM. It is then possible to significantly alter 

the charge density of DNA without equally distorting the charge composition of the ion atmosphere. 
A quantitative comparison of theory and experiment is the subject of another paper [13]. A specific 

example, however, will serve as an indication of i.m atmosphere importance. If we take a DNA length of 
800 A (=21’), a Debye length of 200 A (I/K), and use the effective DNA charge density for Na* from 
counter-ion condensation theory 171, a polarizability of a,! =6.4X lo-t6 ems can be calculated from eqs. (37) 
and (39)_ This can be compared with our experimentally observed value of =8X lo-t6 cm3. For these same 
conditions, we can calculate a predicted polarizability for the condensed counterions (eqs. (27) of ref. [S]) of 
a,, =3.7X lo-‘” cm3. Our experimental evidence indicates that both polarizations are contributing to the 
orientation at this ionic strength and DNA length. 

Although the equations in this paper have been derived specifically for a rigid rod of uniform charge 
density, it should not prove difficult to extend the treatment to other structures, in the Debye-Htickel limit. 
The functions f, , g+ , x$, , and g_ can be determined through the appropriate summation of the equivalent 
functions for small spheres. In this way, more complicated structures can be constructed in much the same 
fashion as has been done for hydrodynamic calculations [ 151. As was done here, the dipole moment can be 
calculated directly from these functions if an appropriate analogue for the boundary conditions for 
Sf_( a, y)/Sp is constructed. 

It is possible, however, to investigate qualitatively the expected differences between a random coil and a 
rigid rod. If we consider the random coil to be equivalent to an elastic, porous, charged sphere, au 
important difference with the rigid rod model is that the coil charge density in the direction of the field is 
gaussian rather than constant. In contrast to rigid rod behavior, therefore, ion atmosphere polarization is 
not expected to be an end effect for random coils, but rather will extend throughout the polymer domain. 
Furthermore, as the viscoelastic coil stretches in the field, the average charge density in the direction of the 
field will decrease. This could well be the origin of the hypopolarizability inferred by Rau and Bloomfield 
[ 141 from the relative relaxation times for the rise and decay processes. Initial calculations indicate that this 
effect would be of the correct magnitude to account for their results (work in progress)_ 

Although it is not unreasonable at low field strengths to consider the ion atmosphere separately from the 
condensed counterions, the same will not hold true at high fields. In light of the recent discussions 
concerning the relationship between counterion condensation and a full Poisson-Boltzmann treatment of 
the ion atmosphere [16-181, it would seem reasonable to expect that a steady-state flow treatment with full 
Poisson-Boltzmann equations, i.e. not with the Debye-Hiickel approximation, would be instructive in 
considering the saturation problems of the dipole moment of DNA at high fields_ 

4. Conclusions 

We have developed an expression for the induced dipole energy resulting from the polarization of the 
ion atmosphere surrounding a charged rod, with a particular emphasis on explaining the polarizability of 
DNA. The results have been shown to be in qualitative agreement with experimental results, In a paper 
that is in preparation we shall demonstrate experimentally that at least a component of the polar&ability of 
rod-like DNA fragments is in quantitative agreement with the equations presented here. 
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